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For a compact space K we consider the set FC(K ) of all Gδ-points in K , i.e., points with
countable base of neighborhoods in K . We show that, for every scattered Eberlein compact
space K , the set FC(K ) is a Gδ-set in K . We also give an example of a scattered Eberlein
compactum with non-metrizable set FC(K ). Moreover, we give an example of a Corson
compact space K such that FC(K ) does not contain any dense Gδ-subset of K . This answers
three questions of Tkachuk.
© 2009 Elsevier B.V. All rights reserved.
In this note we investigate the set FC(K ) of all Gδ-points in a compact space K . It is well known that if K is an Eberlein
compact space, i.e., K is homeomorphic to a weakly compact subset of a Banach space, then K contains a dense metrizable
Gδ-subspace, see [3,6]. In particular, the set FC(K ) contains a dense metrizable Gδ-subspace of K . Therefore, it is natural to
ask whether the whole set FC(K ) is metrizable or a Gδ-set for Eberlein compacta K . Jardón and Tkachuk constructed in [5]
an example of an Eberlein compact space such that the set FC(K ) is neither metrizable nor a Gδ-subset of K . Tkachuk asked
the following questions [8, Problems 1 and 3]: Let K be a scattered Eberlein compactum. Must the set FC(K ) be a Gδ-subset
of K? Is FC(K ) metrizable?
We will show that the ﬁrst question has an aﬃrmative answer, and we will answer the second one in the negative.
For a set X , by σ(2X ) we denote the subspace of the product 2X consisting of all characteristic functions of ﬁnite sets.
For a scattered space K , by Cantor–Bendixson height of K we mean the minimal ordinal α such that the Cantor–Bendixson
derivative K (α) of the space K is empty.
Theorem 1. For every scattered Eberlein compact space K , the set FC(K ) is a Gδ-subset of K .
Proof. Since K is a scattered Eberlein compactum, we can assume that K is a subset of σ(2X ) for some set X , see [1]. For
each point χA ∈ FC(K ) we choose a sequence (V An )n∈ω of neighborhoods of χA such that
(i) V A0 = {χB ∈ K : A ⊂ B},
(ii) V An+1 ⊂ V An for n ∈ ω,
(iii)
⋂
n∈ω V An = {χA}.
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Obviously FC(K ) ⊂⋂n∈ω Un . It remains to verify that ⋂n∈ω Un ⊂ FC(K ). Take χB ∈⋂n∈ω Un . Then, for every n ∈ ω, χB ∈ V Ann
for some χAn ∈ FC(K ). From conditions (i) and (ii) it follows that An ⊂ B for all n. Since B is ﬁnite, for some χA ∈ FC(K ),
the set M = {n ∈ ω: An = A} is inﬁnite. Conditions (ii) and (iii) imply that ⋂n∈M V An = {χA}, therefore χB = χA . 
A compact space K is Corson compact, if K can be embedded in a Σ-product of real lines Σ(Γ ) = {x ∈ RΓ : the set
{γ ∈ Γ : x(γ ) = 0} is countable} for some set Γ . Let us recall that Alster proved in [1] that the class of scattered Corson
compact spaces coincides with the class of scattered Eberlein compacta.
Remark 1. Observe that for the compact ordinal space α + 1 with the usual ordinal topology, a point β  α belongs to
FC(α + 1) if and only if β has countable coﬁnality. Therefore, each closed subset of (α + 1) \ FC(α + 1) is ﬁnite. It follows
that, for every ordinal α ω1 · ω1, the set FC(α + 1) is not a Gδ-subset of the scattered compact space α + 1.
Example 2. There exists a scattered Eberlein compact space K of weight ω1 and of Cantor–Bendixson height 4 such that the
set FC(K ) is not metrizable.
Let X be a subset of the Cantor set 2ω such that every non-empty open subset of X has cardinality ω1. For every pair of
distinct points x, y ∈ X we put β(x, y) = min{n: x(n) = y(n)}. We will consider the following families of subsets of the set
Γ = X ∪ (X ×ω):
A0 =
{{
x, y, (x,n), (y,n)
}
: x, y ∈ X, x = y, n β(x, y)},
A1 =
{{
x, (x,n)
}
: x ∈ X, n ∈ ω},
A2 =
{{x}: x ∈ X},
A3 = {∅}.
For i = 0,1,2,3 we let Ki = {χA: A ∈Ai} ⊂ σ(Γ ), and ﬁnally we deﬁne K =⋃3i=0 Ki . A routine veriﬁcation shows that
K is a closed subset of the product 2Γ , therefore it is an Eberlein compactum. One can also easily verify that the nth Cantor–
Bendixson derivative K (n) of K equals
⋃3
i=n Ki , hence Cantor–Bendixson height of K is 4. Observe that FC(K ) = K0 ∪ K2. We
will prove that FC(K ) is not collectionwise normal, hence it neither paracompact nor metrizable, see [4].
Observe that K2 is a closed discrete subset of FC(K ). We will show that the discrete family of singletons
{{χ{x}}: χ{x} ∈ K2} cannot be enlarged in FC(K ) to a family of pairwise disjoint open sets.
For every χA ∈ K we denote by V A the open neighborhood {χB ∈ K : A ⊂ B} of χA . Let {Ux: x ∈ X} be a family of open
subsets of FC(K ) such that χ{x} ∈ Ux for every x ∈ X . Then, for each x ∈ X , we can ﬁnd kx ∈ ω such that(
V {x} \
⋃
n<kx
V {x,(x,n)}
)
∩ FC(K ) ⊂ Ux.
Let Y be an uncountable subset of X such that kx = k0 for some k0 and all x ∈ Y . Since Y is not discrete, we can ﬁnd
distinct x, y ∈ Y such that β(x, y) > k0. Then we have
χ{x,y,(x,k0),(y,k0)} ∈ Ux ∩ U y,
hence the family {Ux: x ∈ X} is not pairwise disjoint.
Remark 2. One can show that, for every scattered Eberlein compact space K of Cantor–Bendixson height < 4, the set FC(K )
has a σ -discrete base, hence is metrizable, see [4].
For a Corson compact space K , the set FC(K ) is always dense (cf. [7]), but K may not contain a dense metrizable
subspace (see [9]). Tkachuk asked [8, Problem 2] whether FC(K ) contains a dense Gδ-subset of K for every Corson compact
space K .
Example 3. There exists a Corson compact space K such that the set FC(K ) does not contain a dense Gδ-subset of K .
We will use the following construction due to Todorcevic [9, p. 287].
Let A be a stationary and co-stationary subset of ω1. Let U (A) = {C ⊂ A: C closed in ω1}. For C1,C2 ∈ U (A) deﬁne
C1  C2 if C1 is an initial segment of C2. A given subset D ⊂ U (A) is dense in U (A) if for every C1 ∈ U (A) there exists
C2 ∈ D , C1  C2. A given subset D ⊂ U (A) is ﬁnal in U (A) if for every C1 ∈ D and C2 ∈ U (A), C1  C2 we have C2 ∈ D .
Lemma 1. ([9, Lemma 9.12]) If Dn ⊂ U (A) (n ∈ N) are dense and ﬁnal in U (A), then⋂n∈N Dn is dense in U (A).
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• for every C1 ∈ B and C2  C1 we have C2 ∈ B , and
• for every C1,C2 ∈ B either C1  C2 or C2  C1.
Lemma 2. ([9, a remark prior to Lemma 9.12]) Every path in U (A) is at most countable.
Deﬁne
B = {B ⊂ U (A): B is a path in U (A)}
and
K = {χB : B ∈ B} ⊂ 2U (A).
Since every path in U (A) is countable, the compact space K is Corson. Observe that the basic neighborhood of the point
χB ∈ K has the form {χB ′ ∈ K : C ∈ B ′, Fi /∈ B ′, i = 0, . . . ,k − 1}, where C ∈ B , Fi ∈ U (A) \ B , and C  Fi .
Lemma 3. For C1 ∈ U (A) deﬁne a path B = {C2 ∈ U (A): C2  C1}. The point χB is not a Gδ-point in K .
Proof. Let β = supC1. For each α ∈ A, α > β deﬁne Bα = {C2 ∈ U (A): C2  C1 ∪ {α}} = B ∪ {C1 ∪ {α}}. The family
{χB} ∪ {χBα : α ∈ A, α > β}
is a one-point compactiﬁcation of an uncountable discrete space, in particular the point χB is not a Gδ-point in K . 
Let C ∈ U (A). Deﬁne [C] = {χB ∈ K : C ∈ B}.
Lemma 4. Let G ⊂ K be a dense open subset. Then the set L(G) = {C ∈ U (A): [C] ⊂ G} is dense and ﬁnal in U (A).
Proof. It is enough to check, that L(G) is dense in U (A). Let C1 ∈ U (A). The set [C1]∩G is non-empty and open in K , hence
there exist C2, F0, . . . , Fk−1 ∈ U (A) such that C1  C2, C2  Fi , and
V = {χB ∈ K : C2 ∈ B, Fi /∈ B, i = 0, . . . ,k − 1} ⊂ [C1] ∩ G.
Let C3 = C2 ∪ {α} for some α > sup(C2 ∪⋃k−1i=0 Fi), α ∈ A. Then C3 ∈ U (A) and, for B1 such that χB1 ∈ [C3], we have Fi /∈ B1
(i = 0, . . . ,k − 1), since ⋃ B1 ∩ α = C2. It follows that χB1 ∈ V ⊂ [C1] ∩ G , hence [C3] ⊂ [C1] ∩ G , and consequently C3 is an
element of L(G) such that C1  C3. 
Let Gn ⊂ K be dense open subsets of K , n ∈ ω. From Lemmas 4 and 1 it follows that ⋂n∈N L(Gn) is dense in U (A), in
particular this intersection is non-empty. Let C1 ∈⋂n∈N L(Gn) and let B = {C2 ∈ U (A): C2  C1}. Then χB ∈ [C1] ⊂⋂n∈N Gn .
By Lemma 3, the point χB is a not a Gδ-point of K .
Remark 3. The same method of proof shows that
⋂
n∈N Gn contains a dense open subset of K , see [9, Theorem 9.13(iii)].
Remark 4. Argyros and Mercourakis constructed [2, Theorem 3.6] a Corson compact space K without a dense metrizable
Gδ-subspace. One can verify that, for this K , the space FC(K ) contains a dense Gδ subset of K .
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